The class of marked Poisson processes and its connection with subordinated Lévy processes allow us to propose propose a new interpretation of multidimensional information flows and their relation to market movements. The new approach provides a unified framework for multivariate asset return models in a Lévy economy. In fact, we are able to recover several processes commonly used to model asset returs as subcases. We consider a first application example using the Normal inverse Gaussian specification. Journal of Economic Literature Classification: G12, G13
Introduction
The notion of a stochastic change of time, interpreted as a measure of trading activity, dates back to Clark (1973) who was the first to link the deviation from normality of asset prices to the changes in the number of market orders in different time periods. Since then, subordination of Brownian motions was introduced to model asset returns, with the interpretation of the subordinator as a stochastic change of time. A subordinated Brownian motion is a process Y (t) defined by the composition Y (t) := B(π(t)), where π(t) is the subordinator and the Brownian motion B(t) is called the subordinate process. A prominent example is the variance gamma process proposed by Madan and Seneta (1990) as an asset return model; the subordinator in this case is a gamma process.
The first subordinated multivariate model was constructed by considering a time change common to all assets represented by a univariate subordinator (see Madan and Seneta (1990) and Luciano and Schoutens (2006) ). Unfortunately, the resulting models exhibited several shortcomings including the lack of independence between asset returns and a limited span of linear correlations. Furthermore, there is empirical evidence that trading activity is different across assets (e.g., Harris (1986) ). From the theoretical perspective multivariate subordination allowing different assets to have different time-changes was introduced in the work of Barndorff-Nielsen et al. (2001) . Semeraro (2008) and Luciano and Semeraro (2010) introduced the α-models, using a multivariate subordinator composed of a common component and an idiosyncratic component, named factor-based subordinator. However, to preserve the intuition of economic time, each asset return distribution is time changed by a one-dimensional subordinator. The subordinated process Y (t) is therefore given by the componentwise composition Y (t) = (B 1 (π 1 (t)), . . . , B n (π n (t))). We refer to this technique as componentwise subordination. Due to this constraint, the subordinate processes, i.e. the Brownian motions, must be independent. This means that returns conditional to trading activity are uncorrelated. As a consequence models constructed by componentwise subordination cannot span a wide correlation range.
To increase correlation flexibility Luciano and Semeraro (2010) extend the α-models dependence structure by introducing the ρα-models. A ρα-model is an R n -valued subordinated process {Y (t), t > 0} defined by Y (t) := (Y I (t) + Y ρ (t)) = (B 1 (π 1 (t)) + B ρ 1 (π c (t)), . . . , B n (π n (t)) + B ρ n (π c (t))) , (0.1) where π j (t) and π c (t) are both mutually independent subordinators and independent of B j (t) and B ρ j (t). There, B j (t) are independent Brownian motions and B ρ j (t) are Brownian motions with correlations ρ(B i (t), B j (t)) = ρ ij , i, j ∈ {1, . . . , n}. This preserves the intuition that each asset has its own subordinator, but includes the possibility of co-movements due to the correlated Brownian components.
The authors introduce a first example, the weak α -variance gamma process, which is between the α and the ρα-variance gamma processes.
An alternative approach to correlate the unit-time random variables resulting from univariate subordinated Brownian motions is proposed by Eberlein and Madan (2010) . They model individual returns as one dimensional subordinated Brownian motions Y j (t) := µ j π j (t) + σ j W j (π j (t)), j = 1, ...n, and assume that the subordinators are independent. They introduce dependence between returns at unit time by merely correlating the Brownian motions and keeping the subordinators independent. Therefore
where W j are standard normal variates with correlations ρ W ij . Within this framework, we propose a new interpretation of trade activity which allows us to correlate asset returns similarly to Eberlein and Madan (2010) and remain in the Lévy setting. A link between subordinated Brownian motions and marked Poisson processes allows us to interpret the subordinator as the entire trade activity on a portfolio of assets up to a given time, measured by the corresponding Poisson random measure. By so doing, we introduce a new interpretation of the subordinator π(t) which is still consistent with the intuition of economic time. By means of this new interpretation of trading activity, we propose to use multivariate subordination (not-componentwise) in Barndorff-Nielsen et al. (2001) . We show that multivariate subordination processes provides a unified framework and includes as subcases most of the processes listed above. The new class of processes is fully characterized through its Lévy triplet, and the characteristic function is given in closed form.
The paper is organized as follows. Section 1 recalls preliminary results needed to introduce the model. Section 2 introduces the class of Lévy marked Poisson models and their link with subordinated Lévy processes. The main submodels are presented in Section 3. Section 4 specifies a flexible class of Lévy marked Poisson processes suitable to model stock returns. The characteristic function is provided in closed form as well as the linear correlation coefficient. This section also specifies marks and Poisson measure to find a multivariate version of the normal inverse Gaussian processes. In Section 5 we perform a calibration exercise of the NIG model to illustrate the flexibility of the model dependence structure.
Preliminaries
We refer to Sato (1999) for Lévy processes and subordination and to Ç inlar (2011) for Poisson processes and their connection with Lévy processes.
Let Π be a Poisson random measure on a measurable space (E, E) with a σ-finite mean measure µ Π . By slight abuse of notation, with Π = {Π i , i ∈ I} we indicate both the random measure and the collection of its atoms indexed by some countable set I. Marked Poisson processes are constructed by attaching a random variable to each atom of the random measure Π. Formally, let Z = {Z i , i ∈ I} be a family of random variables (marks) on a measurable space (F, F) indexed by the same countable set I. Assume that the variables Z i are conditionally independent given Π with distributions Q(Π i , ·), where Q(s, B) is a transition probability kernel from (E, E) into (F, F). Each variable Z i can be considered as an indicator of some property associated with the atom Π i . Then, as proved in Theorem 3.2 in Ç inlar (2011), M := (Π, Z) forms a Poisson random measure on (E × F, E ⊗ F) with mean µ Π × Q, where (µ Π × Q)(dx, dy) = µ Π (dx)Q(x, dy). The new measure M is called marked Poisson random measure.
Let us recall that the subordination of a Lévy process L = {L(t), t ≥ 0} by a univariate subordinator π(t), i.e., a Lévy process on R + = [0, ∞) with increasing trajectories, defines a new process X = {X(t), t ≥ 0} by the composition X(t) := (L 1 (π(t)), . . . , L n (π(t))) T . Theorem 30.1 in Sato (1999) characterizes the subordinated process X in terms of its Lévy triplet. BarndorffNielsen et al. (2001) generalize the above construction by allowing the introduction of multivariate subordinators, i.e., Lévy processes on R n + = [0, ∞) n , whose trajectories are increasing in each coordinate. For purposes of introduction of multivariate subordination, the notion of R d + -parameter process, as introduced in Barndorff-Nielsen et al. (2001) , is required. Consider the multiparameter 
• for any s 1 s 2 and s 3 s 4 satisfying
where L(·) denotes the law of the random variable,
• L(0) = 0 almost surely, and
• almost surely, L(s) is right continuous with left limits in s in the partial ordering of R d + .
Let {L(s), s ∈ R d + } be a multiparameter Lévy process on R n with Lévy triplet (γ L , Σ L , ν L ), and let π(t) be a d dimensional subordinator independent of L(s) having Lévy triplet (γ τ , 0, ν π ). The subordinated process X = {X(t), t ≥ 0} defined by
. . .
is a Lévy process, as proved in Theorem 4.7 in Barndorff-Nielsen et al. (2001) , who also provide its characteristic function and Lévy triplet.
Subordinated Brownian motion and marked Poisson process
In this section we introduce a multivariate model by multivariate subordination of a multiparameter Brownian motion and we provide the connection with marked Poisson processes and the implied new interpretation of trading activity.
The connection between multivariate subordinated Lévy processes and marked Poisson processes allows us to introduce a new interpretation of trading activity, which is consistent with the notion of stochastic time but more general. This connection lays the foundation of the use of (notcomponentwise) multivariate subordination to construct asset return modeling. Advantages of multivariate subordination are the possibility to introduce correlation among prices conditional on trading activity and the characterization of the multivariate resulting process in terms of its characteristic function.
Let B i (t) be independent Brownian motions on R n i with drift µ and covariance matrix Σ i , and let B = {B(s),
T , be the associated multiparameter Lévy process. Let A i ∈ M n×n i (R). We can define the process 
is a subordinated multi-parameter Brownian motion (SMBM), where B A is a multi-parameter Brownian motion and π(t) is a multivariate subordinator independent of B A .
Let Π be the Poisson random measure on (R + × R d + , B d+1 ) associated to the subordinator π(t), where B d+1 is the Borel σ-algebra. It holds
3)
The atoms of Π are family of random variables
+ , where Π 1i are the jump times and Π 2i are the jump sizes. The following theorem essentially proved in Jevtić et al. (2017) , provides a connection between marked Poisson processes and multivariate subordinated Lévy processes.
Theorem 2.1. Let Y (t) be a SMBM, and let Π be the random measure associated to π(t). Then it exists a family of marks Z of Π on (R n , B n ) such that the family N = (Π 1 , Z) forms a Poisson random measure N on (R + × R n , B n+1 ) and it holds
where B is the unit ball in R n .
(2.6) By Theorem 1.1 in Jevtić et al. (2017) the family N = (Π 1 , Z) forms a Poisson random measure on (R + × R n , B n+1 ) with mean measure µ N (dt, dy) = dt
is (in law) the subordinated Lévy process Y (t).
Theorem 2.1 is stated in a slightly more generality than in Jevtić et al. (2017) , since here each B i (s), i ∈ {1, . . . , d} in (2.1) is a multivariate process with correlated margins. The links between a multi-parameter process and Gaussian marks and between subordinator π(t) and the Poisson random measure Π are proved in Jevtić et al. (2017) . This connection provides a theoretical motivation to introduce multi-parameter Brownian motions as models of asset returns, by interpreting the multivariate subordinator π(t) as the whole information up to time t, measured by Π. Remark 1. Notice that, if the subordinator is one dimensional the associate measure Π represents the market wide trade activity and by (2.3) we recover the intuition of market time.
We now consider the componentwise subordination Y (t) = (B 1 (π 1 (t)), . . . , B n (π n (t))), where the Brownian motions must be independent. Then the associated marked Poisson process M in Theorem 2.1 must have marks with independent components. Also in this case Π is a measure of the whole trading activity, but each asset depends only on its own marginal (one-dimensional) trading activity. We recover the intuition of market time by equation (2.3).
The model introduced above is general and includes several processes widely applied in financial modelling, as we are going to show in the next section.
We conclude this section by providing the characteristic function of Y in the following proposition, which is a straightforward derivation from Theorem 4.7 in Barndorff-Nielsen et al. (2001) .
Proposition 2.1. The characteristic function of a Gaussian-marked Poisson process on R n has the following form
where Ψ π is the characterisctic exponent of π(t),B(
Proof. Let A i ∈ M n×n i (R) and let the process B A be defined as in (2.1). HaveB(s l ) = A l B l (s l ). ThenB(s l ) is a n-dimensional Brownian motion with parameters µ A = A l µ l and
We have
whereB j :=B j (1) has a normal distribution since it is a linear combination of normal distributions. Hence
Submodels
In this section we show that the class of SMBMs provides a unified framework, since it generalizes several processes widely used in finance for multiasset modelling.
α and ρα-models
Since α-models are a subcase of ρα-models obtained by setting ρ ij = 0, for i = j, it suffices to show that ρα-models belong to the class SMBM. Let B be a n-dimensional Brownian motion with independent components and Lévy triplet (µ, Σ, 0) where µ := (µ 1 , ..., µ n ) and Σ := diag(σ 2 1 , ..., σ 2 n ). Have B ρ to be a correlated n-dimensional Brownian motion, with correlations ρ ij , marginal drifts µ ρ := (µ 1 α 1 , ..., µ n α n ) and diffusion matrix
The R n -valued subordinated process Y = {Y (t), t > 0} defined as
where π j and π are independent subordinators, independent from B and B ρ is a factor-based subordinated Brownian motion, also indicated as ρα-model. Proof. Let us consider the following multiparameter Brownian motion
where B i , i ∈ {1, . . . , n} are one dimensional Brownian motions with drift µ i and standard deviation σ i , B n+1 is a n-dimensional Brownian motion with parameters µ ρ , Σ ρ and A ∈ M n×2n such that
, . . . , n} and A n+1 := I, i.e. an identity matrix. Let π be a (n + 1)-dimensional subordinator with independent components. We have
and the assert is proved.
Remark 2. The class of α-models are obtained by choosing B ρ with independent components, in this case it can be proved that the R n -valued subordinated process Y = {Y (t), t > 0} can be defined by
. . ,π n ) is the factor-based subordinator defined byπ i (t) = π i (t) + α i π(t), i = 1, . . . , n. By so doing, we can obtain the α-models by choosing A = I. Another process that can be obtained by the same choice of A is the variance generalized gamma convolution (VGG) process introduced by Buchmann et al. (2017) . The VGG process is obtained by subordination of independent Brownian motions with a multivariate subordinator belonging to the family of generalized gamma convolution. The correspondence stated in Theorem 2.1 implies that the VGG process can be constructed by marking the Poisson random measure associated to a subordinator of the generalized gamma convolution family with Gaussian marks with independent components.
Factor models
In this section we show that the factor model proposed in Ballotta and Bonfiglioli (2014) belongs to the family of Lévy marked Poisson processes. To construct this model, the Poisson random measure Π takes values on R + × R n+1 + , i.e. the subordinator takes values in R n+1 , where n is the dimension of marks. Let A ∈ M n×(n+1) be such that:
Let now
The process Y has the factor structure proposed in Ballotta and Bonfiglioli (2012) . As an example, let π be a gamma subordinator with independent components and let L(π j ) = Γ(
). In this case, the process Y I has independent variance gamma margins with parameters (µ j , σ j , ν j ). Up to constraints on the parameters, process Y is in law the multivariate variance gamma process introduced in Ballotta and Bonfiglioli (2012) .
The general framework constructed above is very rich and defines a broad class of models. Here we aim at showing that subordination of multi-parameter processes increases the ability to span a wide correlation range. We do this by analyzing the simplest model that incorporates correlation among Brownian motions, which is obtained by considering the Brownian motions in (2.1) one dimensional, as in the model introduced in Jevtić et al. (2017) .
The model
As a particular case of (2.1), let us consider the R d + -parameter Brownian motion
, where A ∈ M n×d (R) and B i (s i ) are independent Brownian motions on R, with drift µ i and variance σ i . To accommodate the cross section properties of trade we use a factor-based subordinator introduced in Semeraro (2008) , defined by
where π I j (t) and π C (t), for j = 1, ..., n, are independent subordinators with Lévy measures ν I j and ν C respectively.
Remark 3. The multivariate Poisson random measure Π associated to π(t) is a Poisson random measure on (R + ×R n , B(R + ×R n )) with mean Leb × ν Π , which we call factor-based Poisson random measure. The measure ν Π and the characteristic exponent of π(t) are derived in Semeraro (2008) and recalled in Appendix A.
We can now introduce the class of processes to model asset returns.
Definition 4.1. Let Y (t) be defined by
where π(t) is the factor-based subordinator in (4.1) and ut is independent of B ρ . The process Y defined in (4.2) is called factor-based subordinated multi-parameter Brownian motion (factorbased SMBM).
Obviously Theorem 2.1 applies to factor-based SMBM processes. As a consequence they are Gaussian marked Poisson processes and we preserve the new interpretation of trading activity. By equation (2.8), where Ψ π is deduced by (A), we can easily derive the characteristic function of factor-based SMBMs, which is
where ψ π I j (t) (w) = exp{tΨ π I j (w)} and ψ π C (t) (w) = exp{tΨ π C (w)}. The marginal processes, which model individual asset returns, are multiparameter process defined on R n , in fact the k-th log-return is modeled as
Notice that marginal distributions of returns depend on the joint distribution of π(t). The dependence of marginal returns on the trading activity of the entire collection of assets is now evident.
Linear correlation
This section shows that the class of factor-based SMBM allows to widen the correlations ranges of multivariate model widely used in financial applications. The correlation matrix ρ := ρ Y (t) m,l n×n can be derived, as presented in Appendix B, by using the total covariance formula and has entries
where
Notice that, by infinite divisibility
m,l is independent from t. The model correlations are flexible, since we can move independently return correlations and subordinator correlations. Furthermore, returns correlations are not bounded in absolute value neither from Brownian motions correlations nor from the subordinator correlations, as shown by considering the following limit cases a. Consider the limit case of conditional independent Brownian motions A := I, µ m , µ l > 0 and positively correlated subordinators. In this case B ρ (s) has independent components and
m,l is not bounded by the multiparameter Brownian motion correlations. The case of negatively correlated Brownian motions is similar.
b. Consider the case of the subordinator with independent components and positively correlated B ρ (s), we have
, which is positive. Thus ρ
m,l > 0. The case of negatively correlated Gaussian marks is similar.
Notice that the model also exhibits nonlinear dependence. This fact is straightforward considering the subcase with conditional independent Gaussian-marks with zero means. Since µ j = 0 for all j ∈ {1, . . . , n} and A is diagonal the process has zero linear correlations (see Equation (4.5)) but it has dependent margins; indeed the Lévy measure of Y is given by
From the expression of ν Π , which has a common factor ν C , it follows that the components of Y may jump together. In that, nonlinear dependence derives from the superimposition of either independent or correlated marks on the common factor of the Poisson measure.
Concerning the issues of negative dependence of asset returns modelled by factor-based SMBM, since the subordinator has always positively dependent components (see Semeraro (2008) ), negative dependence is achieved by negative correlations of the multiparameter Brownian motion components. This model is also able to capture independence which occurs as a limit case when the multiparameter Brownian motion has independent components (A diagonal) and the common factor of the Poisson measure degenerates.
Here, to present a first application exercise, we introduce the NIG specification. The factorbased Poisson random measures in this case, inherit the subordinator parameters and the constraints on them, due to the subordinators convolution requirement as discussed in Luciano et al. (2013) .
Normal inverse Gaussian SMBM
A normal inverse Gaussian (NIG) process with parameters γ > 0, −γ < β < γ, δ > 0 is a Lévy process X N IG = {X N IG (t), t ≥ 0} with characteristic function
Here, we construct a factor-based SMBM process of NIG type. Let π IG (t) be a factor-based IG subordinator with parameters (γ, α j , j ∈ {1, . . . , n}) introduced in Luciano and Semeraro (2010) and recalled in Appendix A.1. Notice that the assumption E[π i (t)] = t, which is usually assumed for the subordinator in the VG process, is not required. This is consistent with the interpretation of π IG (t) as trading activity. Let γ j , β j , δ j be such that
Set µ j = β j δ 2 j and σ j = δ j . Under this assumption the process Y (t) defined in 2.1 is named Normal Inverse Gaussian subordinated multiparameter Brownian motion (NIG-SMBM). By means of equations (4.3), where Ψ π is deduced by (A.1), the characteristic function of the NIG-SMBM process is
Hence, the k-th marginal characteristic function of
Notice that the marginal distributions depend on the common parameter γ, since they depend on the joint distribution of trading volume.
The N IG − SM BM can be constructed as a linear transformation of the α-NIG process. In fact, from (4.2), we have:
, where Y N IG I := B(π(t)), with the above specifications. We notice that Y
N IG I
is the α-N IG process in Luciano and Semeraro (2010) , which has marginal distributions N IG(γ j , β j , δ j ). Thus, the marginal processes of a NIG-SMBM are linear combinations of dependent NIG processes. Obviously, if we further assume A := I, the process Y reduces to the α-N IG process Y
. Another interesting subcase is obtained by considering the limit case α j = α for each index j and γ → 1 √ α
, the idiosyncratic components of π(t) degenerate and we find the model with only one GIG subordinator. On the opposite, if we assume that trading activities of assets are independent, thus the common component of the Poisson measure degenerates by having γ = 0. In this case Y (t) is a linear combination of independent NIG processes (see (4.2)). In this case the dependence structure is very similar to the one proposed in Eberlein and Madan (2010) .
Empirical illustration
The aim of this section is to empirically explore the model flexibility in describing nonlinear and linear dependence and provide some intuition on the interaction of model parameters. To base our analysis on a meaningful parameter set, we estimate the model on time series data for a pair of stocks by a straightforward estimation procedure. Let Y be a bivariate N IG − SM BM and define a 2−dimensional price process, S = {S(t), t ≥ 0}, such that
where c ∈ R 2 is the drift term (equivalently, S j (t) = S j (0) exp(c j t + Y j (t)), t ≥ 0, j = 1, 2). For the purpose of illustration, we consider daily log-returns on Goldman Sachs and Morgan Stanley US equity from January 3, 2011 to December 31st, 2015, with a total of 1258 observations. Daily logreturns are defined as
The parameters of the process Y (t) in Definition 2.1 are µ, Σ, A, in addition to the parameters of the subordinator. In the N IG specification, we have that Y (t) = AY
N IG I
, where Y
is a bivariate α-NIG process, whose marginals are two dependent NIG factors. The model parameters defining the two N IG dependent factors can be directly introduced as γ 1 , β 1 , δ 1 , γ 2 , β 2 , δ 2 . Then we set µ j = β j δ 2 j , σ j = δ j and α j = 1/ δ 2 j γ 2 j − β 2 j , j = 1, 2, as required by the NIG representation. The model in its general formulation is not parsimonious in terms of parameters. In fact, we have 13 parameters for the bivariate case. A reduction of the number of parameters can be made with additional assumptions which may depend on the application. The parameter vector θ is θ = [c 1 , γ 1 , β 1 , δ 1 , c 2 , γ 2 , β 2 , δ 2 , a 11 , a 12 , a 21 , a 22 , γ] .
Since Σ ρ = AΣA T , without loss of generality, we can fix Σ = diag(σ 1 , σ 2 ). We start by estimating the α-NIG process by a two-step procedure. First, we calibrate the marginal NIG factors by maximum likelihood and then we estimate the remaining common parameter γ by matching historical and model asset correlations. The estimated parameters, reported in Table 1 , allow for a reduced calibration approach. We recall that σ i = δ i , i = 1, 2, thus we set δ 1 = 0.016 and δ 2 = 0.017. This choice reflects the estimate of the parameters δ i obtained by fitting the two one-dimensional NIG processes on our asset return data. With these assumptions, the parameter vector θ becomes θ = [c 1 , γ 1 , β 1 , c 2 , γ 2 , β 2 , a 11 , a 12 , a 21 , a 22 , γ] , for a total of 11 parameters.
The reduced model calibration is performed by the two-step GMM method, proposed by Hansen (1982) , matching sample and model raw moments up to the fourth order. We have 4 marginal moments for asset 1 and 2, respectively, and 6 cross moments 1 , for a total of L = 14 moment conditions. The model raw moments can be computed from the model joint characteristic function
1 Specifically, we consider the following raw cross moments:
We find θ by solving
where G T (θ) is the L × 1 vector of raw moment errors, T is the number of observations and W is a positive-definite weighting matrix. We set the weighting W equal to the identity matrix in the first step estimator and use a HAC estimator in the second step. Initial conditions are chosen by setting A = I, while the starting values of the remaining parameters are provided by the calibration of the α-NIG process presented in Table 1 . Table 2 shows the model calibrated parameters, whereas sample and model standardized moments are reported in the Table 3 . The standardized moments are defined as
[ Insert Table 2 ] [ Insert Table 3 ] To test if the model is correctly specified, we perform the J-test for overidentifying restrictions. The J-statistic is 1.27, and has a p-value of 0.74 based on the chi-square distribution with three degree of freedom, thus providing support to the model specification.
We explore the features of the model changing the parameter γ and the matrix A, i.e., changing the linear combination of the two α-NIG components, whose parameters are kept fixed. Figure 1 shows how the parameter γ drives nonlinear dependence. Here we can conclude that marginal and joint skewness and kurtosis move with γ, while linear correlation is not affected. Since the matrix A influence both the marginal processes and the dependence structure, we show the marginal and cross moments ranges spanned by changing A. We change two parameters at a time, to have an accessible graphical representations. Firstly, we change parameters a 11 and a 22 and secondly we change parameters a 12 and a 21 . By so doing, we change the dependence structure by changing the weights of the two α-NIG factors in the model. Clearly asset one is is not affected by a 21 and a 22 and asset 2 is not affected by a 11 and a 12 .
Next, we examine the correlation range spanned by the model. For a given grid of target asset correlations ranging from −0.90 up to 0.90, we re-estimate the model by matching model and target asset correlations, under the constraint that the marginals moments stay unchanged. We have 11 parameters to match the asset correlation level, under 8 constraints provided by marginal moments. However, the aim of this exercise is to show that the model construction allows to span a large correlation range, and this is indeed the case, as illustrated in Table 4 , which shows the cross moment conditions corresponding to the calibrated parameters which allow to match the target asset correlations and are reported in Table 5 . In a general calibration procedure, all parameters are used to match not only linear dependence but also higher order cross moments and the extra degrees of freedom disappear.
Appendices A Factor-based subordinators
We recall here the definition of factor-based subordinator introduced in Semeraro (2008) . A factorbased subordinator π(t) = π I (t) + π C (t) is defined by
where π I j (t) and π C (t), for j = 1, ..., n, are independent subordinators with Lévy measures ν I j and ν C respectively. The multivariate Poisson random measure Π associated to π(t) is a Poisson random measure on (R + ×R n , B(R + ×R n )) with mean Leb × ν Π , which we call factor-based Poisson random measure. We recall below the measure ν Π , which is derived in Semeraro (2008) . Consider a set A ∈ B(R n \ {0}) and ∆ α = {(α 1 s, . . . , α n s) T : s ∈ R + } where α j ∈ R for j ∈ {1, . . . , n}, and A α j = P r j (A ∩ ∆ α ), having P r j be the projection of A on the j-th coordinate axes. Since
= {s ∈ R : α j s ∈ A α j }, and by construction
for each j, k ∈ {1, . . . , n}, we define
. . , n}. The Lévy measure ν Π is as follows
We finally recall the characteristic exponent of π(t). For any w = (w 1 , ..., w n ) T ∈ C n with (w j ) ≤ 0, j = 1, ..., n Ψ π(t) is given by
where for any w ∈ C with Re(w) ≤ 0, j = 1, ..., n,
A.1 Factor-based inverse Gaussian subordinator
Let π(t) be a factor-based subordinator. We specify π I i (t) and π C (t) in (4.1) to have IG marginal distributions with parameters α j and γ, by defining
Using the closure properties of the IG distribution, we obtain that the process
and that its sum with π I j is still IG (see Luciano and Semeraro (2010) ):
In order for the marginal distributions to have non negative parameters, the following constraints must be satisfied:
We call this subordinator factor-based IG with parameters (γ, α j , j = 1, . . . , n). The marginal subordinators π j (t) are IG:
We recall that for any w = (w 1 , ..., w n ) T ∈ C n with (w j ) ≤ 0, j = 1, ..., n it easily follows from (A)
B Derivation of the Equation (4.5)
Given the law of total covariance we have
Since we have
Now for a given realization of π(t) = s we have
i.e. the m, l-th entry of Σ ρ (π(t)) matrix.
Finally,
and therefore
. Table 5 : Calibrated parameters for target asset correlation levels, keeping the marginal moments fixed.
